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On the gauge dependence of spectral functionsT

R Delbourgo and B W Keck

Physics Department, University of Tasmania, Hobart, Tasmania, Australia
Received 28 March 1979

Abstract. An integral relation is derived between charged source spectral functions in
photon gauges differing by longitudinal terms ak,.k,/k*. The a dependences of the spectral
and Green functions supplied by the gauge technique automatically satisfy these integral
relations.

1. Introduction

The relations between Green functions in different Lorentz covariant gauges were
obtained many years ago (Landau and Khalatnikov 1956, Fradkin 1956) and
subsequently rederived by functional (Zumino 1960, Bialynicki-Birula 1960) and
other (Okubo 1960) methods. These relations serve to connect the charged particle
Green functions for photon propagators D, ,(x) differing by the longitudinal term
9,.90,M and they were effectively used by Johnson and Zumino (1959) and Zumino
{1960) to highlight the gauge dependence of the renormalisation constants as well as the
infrared and ultraviolet behaviours of the electron propagator. The connection
between the Green functions involves the phase factor exp(iezM (x)), and, as such, is
most easily expressed in configuration space. In this paper we wish to discuss the gauge
dependence of the charged propagator spectral function p; since this is couched in
momentum space the relationship cannot be expected to remain so simple. For the class
of covariant gauges where D, (k) varies by ak,k,/k*,

eXp[iezM(x)] = (_m2x2)—e2a/16w2

represents the multiplicative effect of the phase factor. We shall determine (see
equations (22) and (23)) the connection between p in two different a gauges and then
demonstrate how the explicit p obtained (Delbourgo and West 1977a, b, Delbourgo
1977) by means of the gauge technique (Salam 1963, Delbourgo 1979) automatically
satisfy the identity. To expose this more transparently, we go on to find the cor-
responding x space charged particle Green functions.

A rapid derivation of the gauge relations is provided in §2, as well as the
corresponding steps for the non-abelian case and why they are not particularly fruitful.
In § 3 we obtain the integral connection between the spectral functions and finally we
study the repercussions for the gauge technique in § 4.
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2. Gauge dependence of Green functions

Here we shall rapidly derive the gauge properties of amplitudes by functional methods.
We shall treat the abelian case first and stick to Zumino’s (1960) notation. Further on,
we shall discuss the generalisation to the non-abelian case and show that it fails to
provide closed form relations that are of any use.

In a gauget a, A" = A one begins with the vacuum functionals

Zlu, v, J]=j [dA, dv dd dBIY(uy) . .. blum)i(ey) . .. Blon)
Xexp[ij ($—JA-B(A—aA))J 1)

where B acts as an auxiliary multiplier field, enforcing the gauge condition. Asafurther
extension, which for the Landau gauge amounts to an addition 4,3,.M(x —y) to the
photon propagator D,,{(x —y), one may envisage

Zamlu, v, J]= j dA, ... dB my(u)mi(v;) exp(i J. (£—~JA-B(A—-aA) ~%BMB)}

2
and assume without loss that 3,a* = 1.
The A, M dependence may be elucidated by gauge transforming the integration
variables A, ¢, ¥ by an amount depending on B:

Au> Ay —dux ¥~ expliex)y U~ exp(~iex)d (3)
where

x(0)=g(x)+ [ dyhx=y)B(). @
We obtain
Zaoal 0, 71= [ [9A,... ABJ explie(g + hB) )} ) expl—ie(g + hB)(w) ] ()

X exp {i I [(¥-TJ(A-08)(g+hB)]-B(A—aA ~+—g+hB)——%BMB} (5)

and so

Zamlu, v, J]= eXP(—i J (gdJ )]w explieg(u:))m exp(—ieg(vi))Zna mlu, v, J] (6)
where
ANx)=Alx)—eXZh(u;—x)+eZh(v; —x)+‘[ dy A(y —x)}oJ)(y)+g(x) o
Mx)=M(x)+h(x)+h(—x)

Clearly by suitably choosing g and & we can connect (A, M ) to any (A', M’).
In particular, with a little algebra, we find

Zamlu, v, J1=exp (16)Z0lu, v, J] (8)
where
6=—3@J). MJ)+e[S(MaJ) () —=(MaJ)(v:)]

+ e (—3EM(u; — u;) + M (u; — v;) ~3EM (v; — ;). (9)

T(a,A)x)=[dy a.(x~y)A*(y)
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Expanding in J and suppressing A we find for the propagators and vertex function

Dy(x=y;M)=D,.(x—y;0)—3,0.M(x —y) (10)

S(x—y; M) =exp(ie’(M(x —y) ~M(0))]S(x —y; 0) (11)
{D,.ST"SKx, y, z; M) = explie*(M (x — y) = M(0)[{D,..ST"S}(x, y, z; 0)

+ieS(x —y; 09 {M (x — 2) ~M(y — 2)}] (12)

The above relations are for unrenormalised fields and expectation values. Since
(Johnson and Zumino 1959)

Z5(M)/ Z5(0) = exp(~ie*M (0)) (13)
one deduces the following relations between renormalised Green functions:

S(x; M) =exp(ie’M (x))S(x; C) (11
{DSTS}(x, y, z; M) = exp(ie’M (x —y))[{DSTS}(x, y, z; 0)

+ieS(x —y; 008" (M(x —y)~M(y — 2))] (12')
Note that since

e; =Zsex, M,=Z3'M, ¢,(STSD), = Z3"e.(STSD),

the combinations e>M and eI'SD are renormalisation invariant. Indeed, consistent
with the transformation properties (12), it is easily verified that the renormalised
Dyson-Schwinger equation

Z5'6(x)=(iy.0~mo)S(x) +iey, {ST.SD*'}x, 0, x)

is valid for any fixed value of M, as we know it must be.
Let us generalise from QED to QCD to see how the argument goes awry. We begin
with the Faddeev-Popov modified version of (2),

Znp = f [dA, . .. dBIAA) o (w) md (o) exp[i j (£—JA—B(A—aA) —%BMB)]. (14)
The measure [dA]A(A) is invariant only under certain A-dependent transformations of
Slavnov (1972) type,

§A, =-D,8x(A)=~D,(a. D) '6A (15)

where D is the normal covariant derivative and § A is A independent. (The usual proof
of this invariance (LLee and Zinn-Justin 1973) is perhaps rather complicated, so we
thought it worthwhile to present a more transparent and general derivation in Appen-
dix A). As for QED, §A can depend on B. We obtain

Zny = J [dA ...dBJA(A)7 exp(ieTox )¢ (u) . 7 exp(—ieTox )¢ (v)

xexp[if (£-J(A -—DSX)+B(aA—A+6A)—%BMB)] (16)

as the direct analogue of (5). In (16), T is the generator in the fermion representation,
and is one of the unpleasant complications over the abelian case. For one thing, the
factors exp(ieT8y) and exp(—ieT8y) are not phases, so cannot be combined with the rest
of the expression as a change in A. For another, they depend in a complicated way on A,
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so replacement of A by i6/8J can only lead to relations involving infinite numbers of
Green functions. In the absence of fermions the situation is hardly better due to the 8y
term in the square brackets. The simplicity, even for infinitesimal transformations, is
therefore lost in the non-abelian case, although the gauge-dependence of the scaling
properties has been further investigated (Hosoya and Sato 1974, Tarasov and Vladi-
mirov 1977).

3. Gauge dependence of spectral functions

In view of our failure with QCp we restrict ourselves to QeD hereafter. Recall that when
the photon propagator is varied as

D} (k) = Dy, (k) + kuk,M (k) (10)
the renormalised propagators for different M values are connected by
S(x; M) =exp(ie’M(x))S(x; 0) (11"

On the other hand, we know that the propagator admits the spectral decomposition
S(x)=fp(W)S(x | W)dw 17

where S(x | W) =(iy. 6+ W)A(x | W?) is the free (mass W) fermion propagator. This
yields a complicated relation

[ oW M)s(x | W) aw = explie?Mx) [ oW 018G | W) aw,

between the corresponding spectral functions in the two gauges. It can be simplified
somewhat by taking the discontinuity of the Fourier transform:

—mp(p; M) =Im j dWp(W; 0) J d*x explip . x) explie>M(x))S(x | W) (18)

This is now an integral relation between the different p.
To make further progress, the form of M needs to be specified. In the class of
covariant gauges

Dy (k) =[~n + Kok, (1= a)/ K}/ K (19)

one identifies M (k) = —a/k* at a formal level. Let us use dimensional regularisation to
give meaning to exp[ie’M (x)], instead of introducing Pauli-Villars regulators as did
Johnson and Zumino (1959). In 2/ dimensions, we substitute e*(m?)>™' for e? to
maintain the coupling constant dimensionless, m being the electron mass. Hence, in the
four-dimensional limit

¢*M(x) > —lim ez(mz)z"f 3% exp(—ik . x)%

-2
. efmH = ) 8 o 1
—111_9214(1—_2)’[ d’k eXp(—lk.x)a—I;;;gc: ;5
2( 2)2—1

e“(m 2
=i ey * Pw
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where iD (x) = ['(l - 1)(—x>+i0)" /47" is the causal massless propagator for arbitrary /.
Thus, up to an x independent constant factor,

e*M(x)»ie’a In(~m?x?)/ 1672
or
exp(ie’M(x)) = (-m>x?) "1™ = (—m2x?) 7 (20)

The abbreviation € = /167~ has been used as it recurs throughout.
In order to discover the relation between p(W;, a) and p(W; 0), we shall need the
transform

j d*x explipx)(—m2x3) "% (iy . 9+ W -1 WK [ W (—x2)?)/ 473 (—xD)V?)

Is] 2 _a2z1/2
- [ art Llrp) ].(mzrz)_aswz[m(Wr)m_ szqm}
0 (—P) r r
_ 4m? T —ae) A p2>
_<W2> e ae)F(1 ae,2—ae; 24
2
Y-Priq_ _ e P
+ 13- ae)F(1-ae,3 ae,3,W2>]. @1)

Since the hypergeometric solution F(a, 8; v; z), regular at z = 0, has a branch point at
z =1 with a discontinuity given by

Im{T'(a)T(B)F(a, B; v; 2)}

_ T8 -1

_\Ye=BE (., _ e 1
F(l—a—B+y)(z iy Fly—a,y=-B;y—a—-B+1;1~-2z)

there follows the fundamental integral relation

p(p;a)= (J: + f;w) dww(ﬂ) 2(p? Wr—1)" 12

w 2m I'2ae)
X [F(ae, 1+ae; 2ae; 1—p*/ W?)
+ W™y pF(ae, 2+ ae; 2ae; 1—p*/ W3] (22)

between the spinor spectral functions. The connection is visibly non-trivial; nor is it
more trivial in the companion scalar case,

WZ‘ W2 ae/ 2 W2_1 —1+2ae
sz( ; 0)( ) b~/ F(2ae)) F(ae, 1+ae; 2ae;1—p*/W?)

(23)

p2
2 =
p(p ’“)‘szd W2 \an?

after one traces out the parallel argument.
At asymptotic values the relations look more tractable. In the infrared limit, with
scalars (near p2 = m?), the connection reads

p2 dWZ 2—2ae p2 —1+2ae
2, 0\ 2, b
p(p”; a) Lz o p(W ,O)F(2a€)<wz 1)
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and with spinors (near y. p = m) it reads, very similarly,

—2ae 2 —-14+2ae
=128 [ St oo (F1)
=(1+%5) | = -1 :
plp;a) (1 m ) mp(W,O)F(zaE) W2
If we assume that there are threshold singularities
m’p(p*; 0)~(p*/m*~1)% and mp(p; 0)~ (p/m 1)

in the Landau gauge (a = 0), we readily arrive at the general infrared behaviours,

m2p(p2; a)~ (pZ/m2_1)40+2a£

4
mp(p; a)~(1+y.p/m)(p*/m*—1)2"2% 24)

Likewise, in the ultraviolet domain (p> > m?) for integrals dominated by the upper end
point and the postulated asymptotic behaviourt

m?p(p?; 0)=(p*/m?) mp(p; 0)=(p*/m*) ™

we arrive, via a scaling of (22) and (23), at the general ultraviolet characteristics

ot+ae

m’p(p*;a)=(p*/m*)" mp(p; a)=(p*/m?) ™= e, (25)

The connecting formulae (22) and (23) do not, however, tell us what p is in a chosen
gauge or what values the coefficients n and { take. To find these out one is obliged to
turn to perturbation theory and the renormalisation group. In QED we know by infrared
freedom that

§Q=£1/2=—1+66

which may be substituted in (26) to give the complete infrared answers for p or the
Greenfunctions. Atthe other, high-energy extreme, if we suppose that the propagators:
are indeed governed by a dimension 7 as in (25), then up to first order in ¢” a simple
calculation based upon extraction of leading logarithms gives

T]()=7’]1/2=—1—3€

From (25) one can read off the ultraviolet behaviour in any covariant gauge a. The
virtues of the Landau and Yennie gauges were emphasised long ago by Johnson and
Zumino (1959).

4. The gauge technique

If we knew p (W) for all W in a given a gauge, we could determine p and § in any other a
gauge fairly easily. Unfortunately we do not know the full p (for, if we did, it would
mean that we should have solved QED completely) except in some approximation. One
such approximation is provided by the gauge technique which offers, at a first level, the

1 Strictly, we are considering the even part of p(p), viz. o(p) + p(—p), as this supplies the dominant behaviour
(Atkinson and Slim 1979) of S at asymptotic values.

t In so far as the propagators have the same p - (and x - 0) behaviour as their spectral functions, the small
distance limit is more easily discussed directly in configuration space from (11) and (20).
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Landau gauge spectral functionst
(WZ/mZ_ 1)“1"66
27%T'(~6¢)

e(W)(W?/m?>—1)"1 %
27%T(—6¢)

m2p(W? 0)= F(—3¢e,1-3e; —6€;1-W?/m? (26)

mp(W;0)=

x [%F(—k, —3e; ~6e; 1— W2/m?)

+F(-3¢,1-3¢; —6¢;1— W2/m2)J @7

These can be substituted in (24) and (25) respectively to give us the p for a # 0. In the
scalar case one is confronted by the integral

J,xd y—1+ae (x/y_l)-1+2ae (y_l)—1—6e
L 2 T P (24e) T(—6e¢)

X F(—3¢,1—-3¢;~6€;1~y)

F(ae, 1+ ae;2ae; 1—x/y)

wherein x = p?/m?* and y = W?/m?. This is evaluated in Appendix B and the result is

Wz/m2__ 1)—1+(2a—6)€
2 Wz' =(
m p( ’ a) 2(2a—6)eIw((2a — 6)6)

F((a—3)e, 1+(a—3)e; (2a—6)e; 1 - W?/m?)

(28)
which is precisely the answer supplied the gauge technique for any a. (In the spinor case
the integral cannot be reduced to a simple ,F; functioni, and we shall not quote it.) We
have thus verified that the gauge techniques p are entirely consistent with the gauge
dependence (23) expected on general grounds; this is reassuring if not especially
surprising bearing in mind the gauge covariance of the technique.

We can clear much of the mystery and avoid these contortions with hypergeometric
functions if we go to x space. As an intermediate step, evaluate

x

Ap; 0= [ dW? o(W 0)/(p*= W)

o ~1=6e( 1 {2/,
=J‘ X x pr/m’) F(=3¢,1-3e; —6¢; —x)
o]

27%(—6€)m*
=—m 25T (1+36)[(2+3e)F(1+3¢, 2+3€; 2, p*/m?). (29)
Thus

1A(x; 0) = J dq ¢*Jilqa(=x")"?1A(=¢?)"?; 0)/4m?(=x*)""?
0
= mKi[m(=x")]"2(~=m>x?)*¢/4n?(-x)!/? (30)

+ The normalisation factors, which are not provided by the technique, have been carefully introduced to give
the correct free propagators as e~ 0 and to maintain their simple character in any gauge. Thus p~
8(W?—m?) or 8(W —m) as the coupling vanishes.

 Rather it leads to 4F, functions, again in conformity with the differential equation for p(W; a) provided by
the technique.
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in the Landau gauge, according to the initial gauge approximation. Hence in other
gauges,
A(x; @) = (=m*x )" “mK [m(—x*)"?)/ 4w (=x*), (31)

The Yennie gauge a = 3 would thus have the free propagator as the starting function.
Carrying out the same steps in the spinor case, we find (see also Khare and Kumar
1978)

S(p; 0)=—2°T*(1+3e)[(y. p) ' (F(1+3¢,1+3¢; 1; p*/m?*)—1)
+m  (1+3€)F(1+3¢ 2+3¢;2; p*/m?)] (32)

and therefore ¥ (r*=—x?)

2.2\3e 2 .
iS(x: 0y =" ;;2 m (K‘(rm’)+‘Yr;X{Kz(mr)+Z—I%ri"—’—)[exp(~3.im)s1+6€,0(imr)—1]
+ =25 Kofmr) expl=3ie)Sseaimn)} 33)

where S, , is the Lommel function. Inthe limit as € - 0, because §; o(z) = 1, one verifies
that (33), like (32), tends to the free-field propagator—a useful boundary condition to
test the correctness of the expressions. Multiplication of (33) by (m*?)™* then
provides the Green function for arbitrary a. We see that, unlike the scalar case, the
spinor result is non-trivial no matter what a value is chosen. The reason why the scalar
propagator (31) looks so simple for a =3 is because the e® correction to the scalar
spectral function happens to vanish for that gauge; this never happens in any gauge with
spinors.

This work sheds considerably light on the gauge technique, by the explicit demon-
stration that the procedure respects the general relations (10), (11), etc and by the
relatively simple nature of the configuration space propagators (31) and (33). Give the
spectral functions (26) and (27) one may go on to construct the gauge-covariant Green
functions (up to transverse parts) in x space by appropriate weighting:

(STuSHxy, 2) = [ AWp(W)S(x =z | WiyS(z =y | W)

(ST Sy, 2w) = [ AWo(W)(S(x =2 | WipS(z = w | W)nS(w—y | W)

+Sx—w | W)y Sw—z | W)ySz—y | W)).

T Some work is needed to pass from (32) to (33). The intermediate steps involve the use of

1>.
056 b/

2

= - 1
f r]l(qr)F(b, bi1; —"2) - —r‘2(b)G%2(—r2m2
0 m 4
the identifications, via the Barnes~Millin representation of G,

G?g(z

0
) =G3(z | bb)=22%K(22'?)

)

1
G;%o<z ] 0b b) =_Z_1G%g(z
J 2K, (z)dz = (=)*z[(u — v = DK, (2)8, -1, +1(12) 1K, 11(2)S,., (i2)]

and the integral
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Naturally, these higher Green functions are no longer simple transcendental functions
like (31) and (33), except in the limit of vanishing photon momentum, i.e. upon
integration over photon location.

Appendix A

We wish to give what we believe is a fairly transparent proof of the invariance of
§[dAJA(A) under transformations of Slavnov type, such as (15). The presence of
space-time coordinates and indices is inessential; consider just a ‘manifold’ with
coordinates A; (so in practice i = u, @, x) and a ‘Lie group’ of transformations g with
coordinates g, (in practice a = a, x) preserving the measure [dA]. For infinitesimal
transformations we write

8A;=Dia(A) . 8Xa.

We are interested in [ u "[dA]f(A) for surfaces T transverse to the group action,
where u” is the measure on T obtained from the measure [dA] and a left invariant
measure on the group. For invariant f we know that the integral is independentof T, In
particular, if T is given by the gauge condition L,(A) = A,, then the integral can be
written as

[ wTtdara) = [ [aaat@swia) - mra)

where A" =det F* and FZ, is defined via the infinitesimal transformations of L, viz

SL = FL N 8X or Fab = (6La/6Ai)D,vb.
Now consider A-dependent transformations of the type
A'=ga(A) or A=gh(A).

Given a gauge function L define L' by L'(A") = L{A), and similarly f'(A") = f(A). Since
we know that

| wTraa1f@ = [ uTraanr @A)
T T
where T and 7" are given by L, L' = A, we may write
[ 10ansr@swa- nya)= [ At arswian - nra
By integrating over A we can express this quite generally as
[ [antra) - [ ansaniga Ay

and changing variable on the right-hand side to A, we find
AM(A)=[0A" /oA AV (A)).

This establishes the invariance of | [dAJA"(A), provided that AY = A", or FX'=F*,
which in its turn is satisfied if L' and L differ by a gauge-invariant function.

Consider now an infinitesimal = A-dependent gauge transformation A'=
A+D(A).6x(A). From the definition of F* and L, we see that L'(A")+
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FX(A).8x(A)=L(A). Hence if we choose
Sx(A)=[F"(A)]™".8A

where 8 A is gauge-invariant, we guarantee the invariance of the measure. In particular
for the gauge fixing term a. A=A, F=(a.D) and we therefore require the A
dependence of the transformations to be of Slavnov type,

8A,=D,(a.D)'.5A

Appendix B

We wish to prove that when a’+5b'—¢' = b —a, the integral

1
()TN = fo de(1-1z)7*(1~ t)c_ltcr_lF(a, b;c; zl(l——tzt)

>F(a’, b'ic'stz)

equals
I=Fa+a,b+b'5¢c+c’;2)/T(c+c).

Integrals comparable with this can be found in standard texts dealing with hyper-
geometric functions but none exactly having the above form. We shall therefore return
to first principles for the proof.
Substituting the series expansion of F,
© 1

I= Z J'O dr (1_tz)—a—n(1__t)c+n—1tc’+n’—1zn+n’

nn'=0

x( T'a+n)'(b+n) )( I'a'+nT'('+n") )
MNa)L (B (c +m) I +n)/ \T (@ T (B (c'+n")T(1+n")

n+n
z
=Y Fla+n,c'+n';c+c'+n +n’;z)<—_“7 — )
' Ilc+c'+n-+n')

(F(a +n)I'(b +n))<F(a’+n')F(b’+n’)>
C(a)T(B)I'(1+n)/ \I'(a )T (B"T(1+nr")

_ z' Ta-+r—n"'(c'+r—n)
_2 Z (r<a)r(b>r<a')r(b'))(r(c +c'+9) (1 +r—n —n’)>
T +n)\/Ta +n"\T(b' +n")
X (1‘(1 +n)>< NG RINC N )

Recalling the combinatorial formula

D FA+m)[(B—n) T(A+B)I'A-C+1)I'(B-D+1)
“T(C+n)T(D-n) T(C+D-1T(A+B-C—-D+2)

we can reduce the integral to the double sum

I-% 2’ Tb+c' +7r) v D(a'+n (' +n\(a+r+n')
TS T (@) (@) TB)(c+c'+n) ST +c'+n \TA+n)TA+r—n')
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Further simplification is possible because the n' summation is Saalschutzian and one can
make use of the identity

) rMNA+n)I'B+n)I'(C—A+r-n—-B)
n HNC+n)T(1+n)T(1+r—n)

TATrBI(C-A-B)INC~A+rT(C~B+r)
N(C-AT(C-B)(C+rl(l+r)

Recalling the condition a'+b'—c¢'+a = b, we obtain
[= Z 2’ Tla+b' +T{a+a +r) F(a+a’,b+b’;c+c’;z)
Fla+b"T(a+a"T(c+c +r)1‘(1+r) [c+c")
which was to be proved. As far as we know, this is a new integral identity.
Such an integral arises in the text in the formula succeeding equation (27). The
substitution y = 14+¢(x — 1) there and the identifications

a - ae, b->1+ae, ¢~ 2ae,
a' - —3e, b'>1-3¢, ' —~6¢e

bring it into the desired form and lead to the result (28).
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